Abstract. Two semisimple algebraic groups of the same type are said to be motivic equivalent if the motives of the associated projective homogeneous varieties of the same type are isomorphic. We give general criteria of motivic equivalence in terms of the so-called higher Tits p-indices of algebraic groups. These results allow to give a complete classification of absolutely simple classical groups up to motivic equivalence in terms of the underlying algebraic structures. Among other applications of this classification, we deduce that there is a bijection between the stable birational equivalence classes of Severi-Brauer varieties of fixed dimension and the motivic equivalence classes of projective linear groups of the same rank.
Upper equivalence and tractable field extensions
Let X and Y be two smooth projective varieties over F . The variety Y dominates X if there is a multiplicity 1 correspondence Y X (with coefficients in F p ). If moreover X dominates Y , the varieties X and Y are said to be p-equivalent. Definition 1.1. Two semisimple and * -equivalent algebraic groups G and G ′ are upper-equivalent if for any subset Θ of the common Dynkin diagram of G and G ′ , the varieties X Θ,G and X Θ,G ′ are p-equivalent.
From now on, we will only consider semisimple p-inner algebraic groups, i.e. semisimple algebraic groups which become of inner type over a finite Galois field extension E/F whose degree is a power of p. We say that Y is a quasi-G-homogeneous variety if Y is the corestriction to F of a projective G L -homogeneous variety for some intermediate field extension E/L/F . The upper motive of a projective quasi-G-homogeneous variety Y is denoted by U Y . According to [10] , two quasi-G-homogeneous varieties are p-equivalent if and only if their upper motives are isomorphic. In particular semisimple algebraic groups G and G ′ are upper equivalent if and only if for any subset Θ, the standard upper motives U Θ,G and U Θ,G ′ are isomorphic. The class of tractable field extensions for X is obviously stable by sub-extensions and composition. Unirational field extensions are tractable for any projective homogeneous variety X. An essential observation is Lemma 1.4, which asserts that the function field of a projective homogeneous variety X is tractable for X.
We will see in Proposition 1.3 that these extensions may be used to reconstruct the motive of a projective homogeneous variety over the base field. For the sake of formalizing this property, we introduce some material.
For any semisimple p-inner algebraic group G of over F , let CM G (F ; F p ) be the thick subcategory of CM(F ; F p ) generated by twisted direct summands of projective quasi-G-homogeneous varieties. The set of the upper motives of G, denoted by U G , is the set of all the isomorphism classes of upper motives of projective quasi-G-homogeneous varieties. For any M ∈ CM G (F ; F p ), the characteristic function of M is defined as
Note that if G and G ′ are both p-inner and are upper equivalent, two motives M and M ′ which belong to CM G (F ;
For any motive M ∈ CM G (F ; F p ), we denote by M ≥i (resp. M ≤i ) the motive which is given by the direct sum of all the direct summands of M which are upper motives shifted by some j ≥ i (resp. j ≤ i). We also define M <i and M >i in the same way. Proposition 1.3. Assume L/F is a tractable field extension for a projective G-homogeneous variety X of type Θ. For any projective quasi-G-homogeneous variety Y dominating X, 
Note that if G, G ′ are two upper-equivalent algebraic groups and Θ is a * -invariant subset for both G and G ′ , a field extension L/F is tractable for X Θ,G if and only if it is tractable for X Θ,G ′ . Lemma 1.4. Let G be a semisimple algebraic group and let X be a projective G-homogeneous variety. The function field F (X)/F is tractable field extension for X. 
, thus the variety Y ′ has a 0-cycle of degree coprime to p over the free composite of the function fields F (Y ) and F (X), hence over its extension L(X). 
General criterion of motivic equivalence
Let G be a semisimple algebraic group and Θ be an * -invariant subset of the Dynkin diagram of G such that the variety X Θ,G is isotropic. In the same way as in [2, Section 2], we denote by G Θ the semisimple part of a Levi subgroup of a parabolic subgroup of G of type Θ. The L-variety XΘ ,G L is projective homogeneous and isotropic, thus the field extension LΘ ,G L /L is purely transcendental. The projective G Θ -homogeneous variety X has a 0-cycle of degree coprime to p over the function field LΘ ,G L . The homotopy invariance of Chow groups yields a 0-cycle of degree coprime to p on X L , hence Y dominates X. Applying the same procedure exchanging X and Y , the varieties X and Y are p-equivalent. Since the subsetΘ of ∆ \ Θ is arbitrary, the algebraic groups G Θ and G ′ Θ are upper-equivalent. Theorem 2.2. Two semisimple and p-inner algebraic groups are motivic equivalent modulo p if and only if they are upper-equivalent.
Proof. The fact that two motivic equivalent algebraic groups G and G ′ modulo p are upper motivic-equivalent follows from the Krull-Schmidt property of quasi-homogeneous varieties. We prove the converse for all semisimple algebraic groups over any field by induction on the common rank of G and G ′ , i.e. the number of vertices of their common Dynkin diagram.
The base of the induction where the rank is 0 is clear. Now assume that rk(G) > 0 and consider a subset Θ of the common Dynkin diagram ∆ of G and G ′ . Excluding the trivial case where Θ is empty, we prove the result in three steps : we first prove the result in the case where G and G ′ both contain an F -defined parabolic subgroup of type Θ. We then deal with the case where the subset Θ is * -invariant for both G and G ′ , before treating the general case.
According to [2, Theorem 7.5 ] (see also [1] ), the motive of X Θ,G decomposes into a direct sum of shifts of projective G Θ -varieties as long as G contains parabolic subgroup of type Θ. Moreover the shifts as well as the types of varieties appearing in this decomposition are determined by the data of the subset Θ and the * -action on the Dynkin diagram of G. The motive of X Θ,G ′ also decomposes in the same way as a direct sum of shifts of projective G ′ Θ -homogeneous varieties, since X Θ,G ′ is isotropic. The algebraic groups G Θ and G ′ Θ are upper equivalent by lemma 2.1 and rk(G Θ ) < rk(G). Those two decomposition coincide and thus the motives of X Θ,G and X Θ,G ′ are isomorphic by the induction hypothesis.
We now show how the result in the case where Θ is * -invariant for both G and G ′ . First, observe that the free composite L = F Θ,G .F Θ,G ′ of the function fields of the varieties X Θ,G and X Θ,G ′ is a tractable field extension for X Θ,G . Indeed, let Y and Y ′ be two quasi-G-homogeneous varieties which dominate X Θ,G , and such that U 
which contradicts the definition of i 0 . In particular Φ M Θ,G = Φ M Θ,G ′ and the motives of X Θ,G and X Θ,G ′ are isomorphic.
Finally if Θ is an arbitrary subset of the common Dynkin diagram of G and G ′ , take a minimal field extension K/F such that Θ is * -invariant for G K . As G and G ′ are * -equivalent, K is also a minimal field extension such that Θ is * -invariant for G ′ K . The previous discussion shows that the motives of the K-varieties M Θ,G K and M Θ,G ′ K are isomorphic. Since M Θ,G and M Θ,G ′ are the images of those motives through the corestriction functor cor K/L , the algebraic groups G and G ′ are motivic equivalent modulo p.
Upper motives and the higher Tits indices
The following result of Vishik shows that the motive of quadrics is essentially determined by the splitting behaviour of the associated quadratic form (see [8, . Let q and q ′ be quadratic forms over F of the same dimension. The motives M (Q) and M (Q ′ ) with coefficients in Z of the associated quadrics are isomorphic if and only if for any field extension E/F , the Witt indices of q E and q ′ E coincide. We will now relate the notion of motivic equivalence and the splitting behaviour of algebraic groups. The set of the higher Tits indices are classical invariants which control the splitting of semisimple algebraic groups. For any semisimple algebraic G, the Tits index of G is given by the data of the Dynkin diagram of G, a fixed subset of its vertices which is shaded, and the so-called * -action of the absolute Galois group (see [13] ). A subset Θ is shaded in the Tits index of G if and only if the type the parabolic subgroups of type Θ of G are defined over the base field. Denoting by F ields/F the category of the field extensions of F , the higher Tits index of a semisimple algebraic group G is the functor Tits(G) : F ields/F −→ Set which maps a field extension E/F to the Tits index of G E .
We define the p-local version of the Tits index as follows. The Tits p-index of G consists of the data of the Dynkin diagram of G endowed with the * -action of the absolute Galois group of F , and a fixed subset of its vertices which is shaded. A subset Θ is shaded in this Dynkin diagram if the variety X Θ,G has a zero-cycle of degree coprime to p. The higher Tits p-index of G is the functor Tits p (G) : F ields/F −→ Set which maps a field extension E/F to the Tits p-index of G E .
Even though at a first glance the fact that the motivic equivalence of algebraic groups is defined for motives with coefficients in F p can be seen as a weakness, we will see that it is quite the opposite. The deep connections between motives and the higher Tits indices provided in the sequel don't hold for motives with coefficients in Z.
In some sense these results show that motives with coefficients in F p behave much better than motives with coefficients in Z, notably in the study of the rational geometry of projective homogeneous varieties. An example of this difference is given by Karpenko's criterion of motivic equivalence of Severi-Brauer varieties [8, Criterion 7.1], which can be seen as an evidence of the fact that the isomorphism classes of motives with coefficients in Z is not a birational invariant of Severi-Brauer varieties (compare with Corollary 4.3).
Definition 3.2. Let p be a prime and G be a semisimple algebraic group. We say that G satisfies the property (H p ) if G is p-inner and if for any projective G-homogeneous variety X and any field extension E/F , the variety X E is isotropic if and only if it has a 0-cycle of degree coprime to p.
For instance, an absolutely simple adjoint algebraic group of inner type A n satisfies (H p ) if and only if it is isomorphic to PGL(A), for some central simple algebra A whose index is a power of p. If q is a quadratic form defined over F , the special orthogonal group SO(q) of q satisfies (H 2 ) by Springer's theorem. Proof. If the higher Tits indices coincide over any field extension, then a projective G-homogeneous variety of type Θ has a 0-cycle of degree coprime to p over the function field of a projective G ′ -homogeneous variety of the same type, and vice-versa. The varieties X Θ,G and X Θ,G ′ are thus p-equivalent, and in particular G and G ′ are upper equivalent, hence motivic equivalent modulo p by Theorem 2.2.
For the converse, fix an arbitrary field extension E/F and denote Tits p (G)(E) by Θ 0 (resp. Tits p (G ′ )(E) by Θ ′ 0 ). The variety X Θ 0 ,G is isotropic over a residue field L which is a coprime to p field extension of E. Since X Θ 0 ,G ′ has a 0-cycle of degree coprime to p over the function field F Θ 0 ,G , it is also the case over the function field L Θ 0 ,G , hence over L since the field extension L Θ 0 ,G /L is purely transcendental. The variety X Θ 0 ,G ′ has thus a zero-cycle of degree coprime to p over E. The subset Θ 0 is thus shaded in the Tits p-index of G ′ E , i.e. Θ 0 is a subset of Θ ′ 0 . Exchanging the roles of G and G ′ yields the inclusion in the other direction, therefore the Tits p-indices of G E and G ′ E coincide. Corollary 3.4. Assume that G and G ′ are p-inner and satisfy the property (H p ). Then G and G ′ are motivic equivalent if and only if the higher Tits indices of G and G ′ are equal.
We will provide the higher Tits (p)-indices for the different algebraic groups of classical type in order to give complete criteria for motivic equivalence of these groups in terms of the underlying algebraic structures.
4.
Motivic equivalence for algebraic groups of inner type A n An absolutely simple adjoint algebraic group G of inner type A n is isomorphic to the projective linear group PGL(A) of a central simple algebra A of degree n + 1. Let Θ = {α i 1 , ..., α i k } be a fixed subset of the Dynkin diagram of G. Any projective G-homogeneous variety of type Θ is isomorphic to the variety X(i 1 , ..., i k ; A) of flags of right ideals of reduced dimension i 1 , ..., i k in A.
The description of the Tits index of G is given in [13] . Fixing a prime p, we denote by d p the p-adic valuation of the index of A, the Tits p-index of PGL(A) is given by
α 2 α dp α 2dp α rdp α n Theorem 3.3 allow to give purely algebraic criterion for motivic equivalence of projective linear groups. Proof. The functors Tits p (PGL(A)) and Tits p (PGL(B)) are equal if and only if for any field extension E/F , the index of the p-primary components of A E and B E coincide. This condition is well-known to be equivalent to the fact that these algebras generate the same subgroup in the Brauer group of F .
As mentioned before, the above classification contrasts with Karpenko's [8, Criterion 7.1]. Assorted with the motivic dichotomy of projective linear groups, the following results hold. These results show that the good motivic invariant to study the rational geometry of SeveriBrauer varieties is the collection of all the motives with F p coefficients. Proof. The Severi-Brauer varieties SB(A) and SB(B) are stably birationally equivalent if and only if for any field extension E/F and any prime p, the index of the p-primary components of A E and B E are equal. This conditions is equivalent to the motivic equivalence modulo p of PGL(A) and PGL(B), for any prime p.
Motivic equivalence of orthogonal groups
If q is a non-degenerate quadratic form over a field F of characteristic different from 2, the special orthogonal group SO(q) is either of type B n or D n , whether the dimension of q is odd or even. The Tits indices of orthogonal groups are provided in [13] . We higher Tits p-indices of orthogonal groups are as follows. If the prime p is odd, the Tits p-index of SO(q) contains all the vertices of its Dynkin diagram. The only interesting prime is thus p = 2, and SO(q) satisfies (H 2 ) by Springer's theorem. The functors Tits(G) and Tits 2 (G) are thus equal, and we now assume that p = 2.
If either dim(q) is odd or has trivial discriminant and even dimension, the orthogonal group of q is of inner type and thus the motivic equivalence of such groups is determined by Theorem 3.4. We thus focus in this section on the case of orthogonal groups of outer type D n .
Lemma 5.1. Let q and q ′ be two quadratic forms over F , such that dim(q) = dim(q ′ ). If the orthogonal groups SO(q) and SO(q ′ ) are upper equivalent, then for any field extension E/F , the Witt indices of q E and q ′ E coincide. Proof. Since the result corresponds to Proposition 3.4 for odd dimensional quadratic forms, we assume here that dim(q) = 2k. Assume that SO(q) and SO(q ′ ) are upper-equivalent, and fix a field extension E/F . We may exchange q and q ′ and thus assume that i W (q E ) = i is greater than i W (q ′ E ). We assume first that i is at most k − 1. In this case the variety X(i; q E ) is isotropic, hence the field extension E {i},SO(q) /E is purely transcendental. The upper motives U {i},SO(q) and U {i},SO(q ′ ) are isomorphic, thus the variety X(i; q ′ ) has a rational point over E {i},SO(q) . The Witt index of q ′ E is thus greater than i, and i W (q E ) = i W (q ′ E ). Now if i W (q E ) = k, the orthogonal group SO(q E ) is split and its set of upper motives is reduced to the shifts of the Tate motive. Since SO(q) and SO(q ′ ) are upper equivalent, the motive of the quadric associated to q ′ isomorphic to a direct sum of Tate motives, therefore i W (q ′ E ) = k. Criterion 5.2 (Criterion for orthogonal groups). Let q and q ′ be two quadratic forms of the same dimension. The orthogonal groups SO(q) and SO(q ′ ) are motivic equivalent if and only if for any field extension E/F , the Witt indices of q E and q ′ E coincide.
Proof. The sufficient condition is given by lemma 5.1. Assuming that for any field extension E/F the Witt indices of q E and q ′ E are equal, the associated orthogonal groups SO(q) and SO(q ′ ) are * -equivalent by [8, Lemma 2.6] , it thus remains to apply Theorem 2.2.
Note that even though the above criterion is stated in the context of motives with coefficients in F 2 , the result covers Vishik's criterion for the motivic equivalence of quadrics, since by [15] , [6, Theorem 1] (see also [7, Théorème E.11.2] ), the change of coefficients functor induces a bijection between the set of isomorphism classes of motives of quadrics with coefficients in Z and F 2 . Assorted with Vishik's criterion, we get the following.
Corollary 5.3. Let q and q ′ be two quadratic forms of the same dimension. The motives of the associated quadrics are isomorphic (with either coefficients in Z or F 2 ) if and only if the orthogonal groups SO(q) and SO(q ′ ) are motivic equivalent.
Motivic equivalence and central simple algebras with involutions
We now briefly describe the situation for other absolutely simple algebraic groups of classical type and inner type which are associated with central simple algebras with involutions. Again in the case where p is an odd prime, all the vertices of the Dynkin diagram of such groups are shaded in their Tits p-index. We thus assume in the sequel that p = 2 and we also assume that char(F ) is not 2.
We briefly recall some notions on the invariants associated to central simple algebras with involutions. Assume that (A, σ) is a central simple algebra with involution and I is a right ideal in A. The orthogonal ideal I ⊥ of I is defined as the annihilator of the left ideal σ(I). An ideal I is said to be isotropic if I ⊂ I ⊥ . The index of the central simple algebras (A, σ) with involution is the set of the reduced dimensions of the isotropic right ideals of A.
Definition 6.1. Let (A, σ) be a central simple algebra with involution. The p-index of (A, σ) is the union of the indices of the (A L , σ L ), where L goes through all the field extensions of F of degree coprime to p.
